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ARTICLE INFO ABSTRACT

Keywords: Background: Arbor vitae cerebelli (tree-like branching white matter of the cerebellum) has a complex spatial
Ana.tomy configuration that is challenging to assess using conventional morphometric methods. This study proposes a
Brain fractal approach to describe and quantify the anatomy of Arbor vitae cerebelli. For this purpose, a new “contour
Cerebellum . . X

Fractals scaling” method for fractal analysis of cerebellar white matter was developed.

Material and methods: The cerebella of 100 cadavers (50 male and 50 female) who died from causes unrelated to
brain pathology, aged 20-95 years, were examined. Mid-sagittal sections of the cerebellar vermis were studied.
The fractal dimension values of the cerebellar white matter were determined using both the developed fractal
analysis method and the conventional “box counting” method, along with measurements of non-fractal pa-
rameters including cerebellar weight, area and perimeter of the vermis cross-section, perimeter-to-area ratio, and
circularity.

Results: Considering the cerebellar white matter as a tree-like fractal, it was found to have 7 or 8 primary
branches, which subdivide into 10-18 second-iteration branches, 19-38 third-iteration branches, and 34-53
fourth-iteration branches. Females more often had 8 primary branches compared to males, while males had a
greater number of branches in the second to fourth iterations. The mean fractal (Hausdorff) dimension was 1.697
(1.721 in males, 1.674 in females, P = 0.01). The fractal dimension correlated most strongly with the perimeter
and area of the vermis cross-section and had no significant relationship with age.

Conclusion: The fractal (Hausdorff) dimension, determined using the novel “contour scaling” method, quanti-
tatively assesses the degree of branching of the cerebellar white matter. An increase in the absolute size of the
cerebellum leads to a higher degree of branching of its white matter and an increase in the number of its
constitutive components — white matter branches and folia.

White matter

1. Introduction

The cerebellum, with its intricate architecture of white matter and
cortex, poses a significant challenge for morphological analysis. The
primary contributor to the complexity of the cerebellum’s spatial
configuration is the folding of its surface, which is manifested in the
elaborate patterns of foliation and fissuration — divisions of cerebellar
tissue into lobes, lobules, and the separation of individual cortical gyri,
known as folia [1]. This structural complexity results in a high degree of
anatomical variability in the cerebellum, both interspecies and intra-
species [2]. Notably, the characteristics of cerebellar foliation and fis-
suration vary, generally becoming more complex along the phylogenetic
sequence of different species [3] and throughout prenatal cerebellar

development [4,5]. Additionally, abnormalities in cerebellar foliation
and fissuration are observed in cases of cerebellar malformations [6-8].

However, foliation and fissuration, which characterize the surface
configuration of the cerebellum, are not the only features reflecting its
anatomical complexity. While most researchers have focused on these
surface characteristics [1,3-8], we chose to delve deeper, examining the
complexity of the Arbor vitae cerebelli - the tree-like branching white
matter of the cerebellum that forms the basis (“scaffold”) of its cortex.
The greater the branching of the white matter, the more pronounced the
foliation and fissuration of the cerebellar cortex. It can be hypothesized
that variations in foliation and fissuration in phylogenetic and ontoge-
netic contexts, as well as in malformations, are rooted in differences in
the degree of white matter branching. Additionally, that differences in
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cerebellar structural complexity could serve as anatomical criteria for
diagnosing cerebellar malformations (and distinguishing them from
acquired cerebellar atrophy), as well as for fundamental anatomical,
anthropological, or biological research. However, a critical question is
raised: how can a structure with such complex and variable architecture
be quantitatively and objectively characterized?

Among the morphometric methods for studying the cerebellum,
those derived from Euclidean (“classical”) geometry are most commonly
used - measuring the linear dimensions of the cerebellum [9,10],
cross-sectional area [10,11], and the volume of the cerebellum as a
whole or its individual parts [12,13]. However, the spatial complexity of
the cerebellum’s configuration is difficult to assess using these
morphometric methods. To characterize the degree of cerebellar shape
complexity, various researchers have attempted to develop alternative
quantitative or semi-quantitative assessment methods. For instance, in
studies of chondrichthyan cerebella, the shape complexity (degree of
foliation) was visually assessed by three independent experts who
assigned scores from 1 to 5 [14,15]. To characterize foliation in avian
cerebella, a gyrification index was calculated [16,17]. A descriptive
approach was used to characterize the anatomy and branching of human
cerebellar white matter [18].

In this study, a fractal approach was applied to the anatomy of the
Arbor vitae cerebelli, viewing the cerebellar white matter as a tree-like
fractal to enable the determination of its fractal dimension, which
characterizes the complexity of fractal structures [19,20]. To achieve
this, a simple and applicable fractal analysis method, termed the “con-
tour scaling” method, was developed. Additionally, the study aimed to
characterize the variability in human cerebellar white matter branching
complexity using the developed fractal analysis method and to identify
factors influencing the complexity of the Arbor vitae cerebelli.

2. Fractal principle of cerebellar anatomy

A fractal is a self-similar or self-affine figure, whose parts replicate
(exactly or approximately) the structure of the whole [19-21]. This key
property of fractals is referred to as self-similarity or self-affinity. A
fractal is self-similar if its structure looks the same at different scales. A
fractal is self-affine when its structure appears similar at different scales,
but the scaling factors differ along different dimensions. Self-similarity
and self-affinity give fractals scale invariance, meaning that their
structure remains consistent across different scales [19-21].
Self-similarity involves uniform scaling in all directions (isotropic
scaling), while self-affinity involves non-uniform scaling across different
directions (anisotropic scaling). Self-similar fractals tend to have exact,
repeating patterns, while self-affine fractals may exhibit more irregular
patterns, where repetition is scale-dependent and varies by direction.

The complexity of a fractal’s structure is quantified by its Hausdorff
dimension, a specific type of fractal dimension [19-22]. Fractals include
artificial (mathematical) fractals, which have a mathematically defined
algorithm for their development and therefore a known Hausdorff
dimension, as well as natural fractals (quasi-fractals), which exhibit
fractal properties but lack a strict mathematical algorithm, and thus do
not have a known Hausdorff dimension [22]. Natural fractals more
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comonly exhibit self-affinity rather than self-similarity, resulting in a
more irregular structure.

A clear example of fractals is fractal trees, with the classic example
being the Pythagoras (Pythagorean) tree (Fig. 1) [23,24], whose Haus-
dorff dimension equals 2 [23]. The construction (development) of arti-
ficial fractal trees involves multiple stages — iterations (repeated, similar
actions) [19-24]. During each iteration, the Pythagoras tree undergoes a
dichotomous division: two branches in the form of squares are added,
with their combined area equaling the area of the squares from the
previous iteration. The side length of the “child” squares is given by L; =
Lo/ \/ 2, where Ly is the side length of the “parent” square, and L; is the
side length of the “child” square in the first iteration. The scaling factor
M is computed as M = (Li1)/L;. For the Pythagoras tree, the scaling
factor is /2. The Hausdorff dimension of mathematical fractals is
determined using formula D = In(N)/In(M), where D represents the
Hausdorff dimension, N is the number of constituent parts of the fractal
(the number of “child” branches that emerge from a “parent” branch at
each iteration), and M is the scaling factor. Consequently, the Hausdorff
dimension of the Pythagoras tree is D = 1n(2)/ln(\/ 2) = 2.

The Arbor vitae cerebelli can be regarded as a natural fractal tree,
given that its anatomy conforms to fractal principles. From the corpus
medullare cerebelli, seven or eight primary branches of white matter
extend directly, forming the basis of the ten classical cerebellar lobules
[25]. In some instances, Lobule III (Lobulus Centralis II) may be absent,
exemplifying individual anatomical variability [2,18,25]; in such cere-
bella, the corresponding third branch of white matter is absent, resulting
in seven branches instead of eight extending from the corpus medullare
[25]. It is proposed to consider these initial seven or eight branches of
white matter as the first iteration of the fractal organization of the Arbor
vitae (Fig. 2). This is followed by two to three iterative divisions of the
branches, which split into two or three sub-branches. The final iteration
consists of small surface branches (folia with a white matter core),
forming the visible surface of the cerebellum. The branches of different
iterations tend to exhibit similar branching patterns, typically a
dichotomous Y-shaped branching, or, in rare cases, a division of the
main trunk into three branches. However, the white matter branching
patterns show a high degree of individual anatomical variability and do
not replicate exactly across different scales. The branching patterns of
1st, 2nd, or 3rd iteration branches may not coincide. Therefore, the
Arbor vitae branching pattern is more appropriately described as
self-affine rather than self-similar. Since the cerebellum does not have a
clear mathematical construction algorithm, and exhibits self-affinity
rather than self-similarity, determining its Hausdorff dimension as for
the Pythagoras tree is very challenging. Therefore, it was aimed to
develop an alternative counting method.

3. Material and methods
3.1. Material
The study utilized cadaveric material, specifically cerebella from

individuals who had died of causes unrelated to neurological pathology
and exhibited no pathological changes in the brain. The sample
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Fig. 1. Stages of development of the tree-like mathematical fractal — Pythagoras Tree.
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Fig. 2. Arbor vitae cerebelli: mid-sagittal section of the cerebellar vermis; the primary white matter branches of the first iteration are indicated by Arabic numerals. A
— cerebellum with 8 primary branches, B — cerebellum with 7 primary branches (the third branch is absent).

comprised cerebella from 100 cadavers obtained during forensic au-
topsies, including 50 male and 50 female subjects. The age range of the
sample was 20-95 years (males: 20-88 years; females: 22-95 years). The
distribution by age groups was as follows: 20-30 years — 10 subjects (8
males, 2 females); 31-45 years — 14 subjects (11 males, 3 females);
46-60 years — 31 subjects (15 males, 16 females); 61-75 years — 18
subjects (11 males, 7 females); 76-95 years — 27 subjects (5 males, 22
females).

3.2. Preparation of anatomical specimens, non-fractal morphometry

After the cerebellum was separated from the brainstem, its weight
was determined. Subsequently, the cerebellum was fixed for one month
in 10 % neutral buffered formalin. Following fixation, the cerebellum
was sectioned in the mid-sagittal plane using a microtome blade, and
parallel parasagittal sections were made in the para-vermal region at a
distance of 5 mm to the right and left of the mid-sagittal section using a
slicer. The mid-sagittal section of the cerebellar vermis was then pho-
tographed with a morphometric ruler placed alongside (Fig. 3).

The macro-photographs were analyzed to determine the cross-
sectional area (A) and perimeter (P) of the vermis. From these mea-
surements, the perimeter-to-area ratio (P/A) was calculated, along with

Fig. 3. Macro-photograph of the mid-sagittal section of human cerebellar
vermis. The labeled division of the morphometric ruler is 1 cm, the smallest
(unlabeled) division is 1 mm.

the shape factor (SF), or circularity. The shape factor was computed
using the formula: SF = (4n x A)/P2 [26].

3.3. Fractal analysis of arbor vitae cerebelli: conventional “box counting”
method

First, a fractal analysis of the Arbor vitae cerebelli was conducted
using the conventional “box counting” method [27], which is widely
used in medicine and morphology. This method calculates the Min-
kowski dimension (also known as the box-counting dimension), a spe-
cific type of fractal dimension. For the study, image fragments with an
absolute size of 4 x 4 cm (1024 x 1024 pixels), containing cross-sections
of the cerebellar vermis, were utilized (Fig. 4A).

In the first stage of the study, the fractal properties of white matter at
various possible scales were examined. To do this, regions correspond-
ing to the white matter of the cerebellum were manually outlined and
colored black on a macro-photograph of an unstained section of the
cerebellar vermis (Fig. 4B). As a result, a binary (black-and-white) mask
of the white matter was obtained (Fig. 4C). Automated fractal analysis of
the binary image in Fig. 4C was performed using the “fractal box count”
tool of the ImageJ software [28].

The principle of the classical “box counting” method is as follows.
The image is iteratively divided into boxes of a specified size (Box size),
and the number of “filled” boxes intercepting (containing) fragments of
the structure under study (N) is counted (Fig. 4D-H). Fractal analysis
involves several stages, the number of which can vary. In the case of
Arbor vitae cerebelli, 18 stages of fractal analysis were used with the
following Box sizes: 1, 2, 3, 4, 6, 8, 12, 16, 24, 32, 48, 64, 96, 128, 192,
256, 384, 512 pixels (Table 1).

To determine the fractal dimension (Minkowski dimension), the
natural logarithms of N and 1/Box size are calculated, after which the
linear regression equation y=bx+a is computed, where In(1/Box size) is
the independent variable (x) and In(N) is the dependent variable (y). The
fractal dimension corresponds to the slope (coefficient b) of the regres-
sion line, and coefficient a is an estimated intercept (Fig. 5). As shown in
Fig. 5, the Minkowski dimension after 18 stages of fractal analysis was
1.593.

The plot of In(N) versus In(1/Box size) (Fig. 5) exhibits a linear
pattern with a single slope segment, indicating the monofractal behavior
of the Arbor vitae cerebelli across a wide range of scales. This also
suggests that the Arbor vitae cerebelli can be classified as a thin (“or-
dinary”) fractal, as its fractal dimension has fractional, rather than
integer values, characteristic of fat fractals.
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Fig. 4. The principle of the conventional “box counting” method used for the fractal analysis of the Arbor vitae cerebelli. A - initial (unstained) image; B — high-
lighting the Arbor vitae cerebelli in the image; C — binary mask of the Arbor vitae cerebelli; D-H — fractal analysis with fractal grids of different Box sizes: D — Box size
of 1/2; E — Box size of 1/4; F — Box size of 1/8; G — Box size of 1/16; H — Box size of 1/32; the “filled” boxes, intercepting (containing) the studied structure, are

highlighted with a darker background.

Table 1
Data for determining the fractal dimension of arbor vitae cerebelli using “box
counting” method.

Stage of N In(N) Boxsize  Box size 1/Box In(1/
fractal (pixels) (fractional) size Box
analysis size)
(iteration)

1 125043 11.736 1 1/1024 1024 6.931
2 34585 10.451 2 1/512 512 6.238
3 16830 9.731 3 3/1024 341.33 5.833
4 10252 9.235 4 1/256 256 5.545
5 5274 8.571 6 3/512 170.67 5.140
6 3379 8.125 8 1/128 128 4.852
7 1834 7.514 12 3/256 85.33 4.447
8 1254 7.134 16 1/64 64 4.159
9 710 6.565 24 3/128 42.67 3.753
10 479 6.172 32 1/32 32 3.466
11 259 5.557 48 3/64 21.33 3.060
12 159 5.069 64 1/16 16 2.773
13 76 4.331 96 3/32 10.67 2.367
14 48 3.871 128 1/8 8 2.079
15 24 3.178 192 3/16 5.33 1.674
16 14 2.639 256 1/4 4 1.386
17 9 2.197 384 3/8 2.67 0.981
18 4 1.386 512 172 2 0.693

Similarly, binary images of the Pythagoras tree at the 3rd, 4th, and
5th iterations (image size 1024 x 1024 pixels, Box sizes: 1, 2, 3, 4, 6, 8,
12, 16, 24, 32, 48, 64, 96, 128, 192, 256, 384, 512 pixels) were tested
and demonstrated similar monofractal behavior across different scales
(Fig. 6). However, the obtained Minkowski dimension values (1.75,
1.72, and 1.74) did not match the Hausdorff dimension of 2. This
discrepancy indicates that these dimensions characterize different as-
pects of the spatial organization of fractals.

For further fractal analysis of the Arbor vitae cerebelli using the “box
counting” method, 30 younger individuals (aged 20-47 years) were
selected from the main sample of 100, to minimize the impact of age-
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Fig. 5. Determining the fractal dimension (Minkowski dimension) of Arbor
vitae cerebelli using the “box counting” method: the fractal dimension deter-
mined by automated counting is 1.593, and by manual counting is 1.6291.

related changes on fractal dimension values. Since unstained speci-
mens were used, segmentation (as in Fig. 4A-C) could only be performed
manually. Therefore, it was decided to conduct the fractal analysis by
manual counting the filled boxes without prior image segmentation. For
manual counting, Adobe Photoshop CS5 software was used, applying a
grid with boxes of a specified size to the image. The filled boxes were
manually counted using the “Count Tool” (Fig. 7B). Four stages of fractal
analysis were conducted with the following Box sizes: 1/4 (1 x 1 cm), 1/
8 (0.5 x 0.5 cm), 1/16 (0.25 x 0.25 cm), and 1/32 (0.125 x 0.125 cm)
(Fig. 4E-H). Given the linear nature of the In(N) vs In(1/Box size) plot
across a wide range of scales (Fig. 5) and the resolution limitations of the
image, it was decided to limit manual counting to the smallest Box size
of 0.125 x 0.125 cm (Fig. 7).



N. Maryenko and O. Stepanenko Translational Research in Anatomy 37 (2024) 100352

14
y = 1.7529x - 0.5346
RI=09974 =
10
s In(N)
6
4
2
0
- . 0 2 b . .
3" jteration In(1/Box size)
14
y=1.7245x - 0.1322
R*=0.9974 12
£ 10
s In(N)
6
4
=
0
. 0 s 4 6 8
4™ jteration In(1/Box size)
14
y=1.7441x- 0.0284
2= 0.9987 12
10
s InN)
6
4
2
0
- - o 2 4 @ s
5" iteration In(1/Box size)

Fig. 6. The determining the fractal dimension (Minkowski dimension) of Pythagoras tree using “box counting” method (automated counting using ImageJ software).

Fig. 7. Counting filled boxes using the “box counting” method for fractal analysis of the Arbor vitae cerebelli: A — principle of counting; B — manual counting using a
non-segmented, unstained image with the “Count Tool” in Adobe Photoshop; a 1 x 1 cm fragment of the image is shown, with a Box size of 0.125 x 0.125 cm.
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3.4. Fractal analysis of arbor vitae cerebelli: A novel “contour scaling”
fractal analysis method

The developed approach is based on the classical “cumulative
intersection” fractal analysis method, which is typically used for the
fractal analysis of neurons [27]. In this method, circles of varying di-
ameters are overlaid on an image, and the number of branches inter-
secting each circle is counted. The fractal dimension is then calculated
based on the number of branches and the radii of the circles. This
method was applied to the cerebellum (Fig. 8). However, using circles
did not fully meet the requirements due to variations in the shape of the
cerebellum and its midsagittal cross-section among individuals. As a
result, branches were intersected differently, causing variations in how
circles of the same diameter intersected branches at different iterations
across different cerebella.

Since the configuration of the cerebellum varies, we propose using
the contour of the cerebellum’s external surface rather than circles
(Fig. 9). The contours of the cerebellar cross-section, corresponding to
the visible surface formed by the branches of the final iteration (similar
to how the “crown” of artificial fractal trees is formed), were traced. The
shape of the cerebellum and its lobules may vary, so using the cross-
sectional contour allows for the replication of the cerebellum’s
anatomical shape. Given the monofractal nature of the Arbor vitae
cerebelli, it can be assumed that the degree of space-filling by branches
in different areas of the cerebellum does not differ significantly. Scaling
the contours that follow the overall shape of the cerebellum in its cross-
section enables the intersection of branches from equivalent iterations.

To align the contours with the anatomical features of the cerebellum,
a “control point” corresponding to the vertex of the angle between
velum medullare superior and inferior was used. After scaling, the
control points of the four contours were aligned and positioned in the
corresponding anatomical area of the cerebellum. This approach ensures
that all scaled contours will intersect branches from same iterations.

To trace the contour, the “Freeform shape” (“Curve”) tool in

Fig. 8. Principle of the classical “cumulative intersection” fractal analysis
method illustrated with the white matter of the cerebellum. The circles are
scaled with a step of 5 % (compared to a biggest circle); the circles corre-
sponding to a scales of 100 %, 75 %, 50 %, and 25 % are highlighted in orange.
(For interpretation of the references to color in this figure legend, the reader is
referred to the Web version of this article.)
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Fig. 9. Principle of the novel “contour scaling” fractal analysis method. The
traced contours are overlaid on the midsagittal section of the cerebellar vermis
and aligned using the control point (red) corresponding to the vertex of the
angle between the velum medullare superior and inferior; contours are scaled
with a step of 5 % (compared to a biggest, initial contour); the contours cor-
responding to a scales of 100 %, 75 %, 50 %, and 25 % are highlighted in or-
ange. (For interpretation of the references to color in this figure legend, the
reader is referred to the Web version of this article.)

Microsoft PowerPoint was utilized. The generated contour was then
copied and scaled according to a predetermined scale. To develop a
methodology, the contour was scaled with a step of 5 % (5 %, 10 %, 15
%, and continuing in subsequent increments). The number of the
branches that are intersected by contours (N) was calculated. The
counting of branches was done manually.

To validate the developed fractal analysis method, the Pythagoras
tree of 3rd, 4th, and 5th iterations was studied (Fig. 10). Its “crown” was
traced by a smooth contour intersecting all squares (branches) of final
iteration. The scaled contours were aligned with the center of the upper
side of the “parent” square (the “trunk™) which was used as a control
point. The contours were also scaled with a step of 5 %, and number of
intersected branches (N) was calculated.

To calculate the fractal dimension, it is necessary not only to deter-
mine the number of branches N but also to establish the scaling factor M.
The original “cumulative intersection” method uses the radius or
diameter of circles overlaid on the image as the scaling factor. Since
scaled contours were utilized rather than circles, the fractal measure can
be based on the relative scale of the contours, which changes propor-
tionally to the radius of the circles used in the original “cumulative
intersection” method. Therefore, the scaling factor Msc, determined
based on the relative scale in the first stage of fractal analysis, was 0.05
(the smallest contour, representing 5 % of the original), for the second
stage, Msc was 0.10 (10 %), for the third stage — 0.15 (15 %) and so on.
In the final stage, it was 1 (100 %).

Next, the natural logarithms of the two numbers N and Msc were
calculated. Based on these data, plots showing the relationship between
In(N) and In(Msc) were constructed (Figs. 10 and 11). As seen from the
graphs, this relationship is non-linear and fundamentally different from
that observed when using the “box counting” method for fractal analysis
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Fig. 11. Fractal analysis of Arbor vitae cerebelli using novel “contour
scaling” method.

(Figs. 5 and 6). However, this pattern is expected given the character-
istics of the new method: the scaled contours, which follow the “crown”
shape of the tree-like fractal, intersect branches of the same or adjacent
iterations. For example, several contours scaled in 5 % increments
consistently intersect two branches of the first iteration of the Pytha-
goras tree, then several following contours intersect four branches of the
second iteration, and so on. This results in “steps” on the graph corre-
sponding to the respective iterations. In the In(N) vs In(Msc) plot for the
Pythagoras tree analysis, three, four, or five distinct “steps” can be
observed, corresponding to the three, four, or five iterations in the for-
mation of these fractal trees (Fig. 10). Thus, small-step analysis does not
merely verify mono- or multifractality but also identifies the number of
iterations involved in forming the fractal tree and determines the scale
ranges corresponding to branches of specific iterations.

In the In(N) vs In(Msc) plot for the Arbor vitae of the cerebellum

(Fig. 11), four “steps” corresponding to four iterations are observed
confirming the presence of the branches of four iterations. The presence
of well-defined “steps” confirms that the scaled contours corresponding
to the outer surface of the cerebellum consistently intersect branches
from the same iterations.

To calculate the fractal dimension using the ‘“contour scaling”
method, it is advisable to use the number of fractal analysis stages (it-
erations) that correspond to the number of iterations in the studied
fractal. The scales for the contours should be chosen so that they clearly
intersect the branches of defined iteration. For the cerebellum, as a
monofractal structure with four iterations, scales of 25 %, 50 %, 75 %,
and 100 % were selected. For the Pythagoras tree with 3 iterations, the
appropriate scales were 100 %, 65 %, and 30 % (a 35 % step); for 4 it-
erations, scales of 25 %, 50 %, 75 %, and 100 % (a 25 % step); and for 5
iterations, scales of 35 %, 50 %, 65 %, 80 %, and 95 % (a 15 % step). For
monofractal structures, the intervals between contour scales are ex-
pected to be equal or proportional, while for multifractals, dispropor-
tionate intervals between scales may correspond to different iterations.
Therefore, it is recommended to begin the analysis with small in-
crements to determine the number of iterations and the scale ranges
corresponding to each, then retain one contour (step) for each iteration.

The next task was to select the computational algorithm that would
accurately determine the Hausdorff dimension. As a first attempt, the
scaling factor Msc was employed (Table 2). The linear regression
equation was calculated, where the independent variable is the natural
logarithm of the scaling factor M, in this case, In(Msc). The dependent
variable is In(N) (Fig. 12). The fractal dimension is determined as the
estimated slope of the regression line. Therefore, the calculated fractal
dimension of the 4th iteration Pythagoras tree was 1.459 (r> = 0.96).

However, the fractal dimension of the Pythagoras tree determined
using the scaling factor Msc does not correspond to its true Hausdorff
dimension (D = 2). Therefore, we decided to select an alternative scaling
factor for the calculations. Since the Hausdorff dimension of mathe-
matical fractals accounts for the change in branch length (side length of
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Table 2
Data for determining the fractal dimension of Pythagoras tree.
Stage of fractal N In(N) Msc In L; Mbr = In
analysis (Msc) 1/L; (Mbr)
(iteration)
1 2 0.693 0.25 —1.386 1 1 0
2 4 1.386 0.5 —0.693 1/ \/2 0.347
V2
3 8 2.079 0.75 —0.288 1/2 2 0.693
4 16 2.773 1 0 1/ 2\/2 1.040
2¢/2
3
y =1,4598x + 2,5966
R? =0,9607 2,5
2
1,5 In(N)
1
0,5
0
-1,5 -1 -0,5 0

In(Msc)

Fig. 12. Determining the fractal dimension of the Pythagoras tree based on the
scaling factor Msc.

the square) at each iteration in the construction of a fractal tree, we
opted to use this measure. Specifically, the length of each branch (side
length of the square) L; at each iteration decreases by a factor of \/ 2
compared to the previous iteration. If the side length of the square at the
first iteration is L; = 1, then at the second iteration it will be Ly = 1/ \/ 2,
at the third iteration L3 = 1/(1/2 x 1/2) = 1/2, and at the fourth iter-
ation Ly = 1/(y/2 x /2 x y/2) = 1/24/2 (Table 1). Thus, the scaling
factor for the branches across different iterations is Mbr; = 1/L;.

By using In(Mbr) instead of In(Msc) as the independent variable, we
recalculated the linear regression equation (Fig. 13). The resulting
fractal dimension was 2 (r2 = 1), which aligns with the true Hausdorff
dimension of the Pythagoras tree. The testing of the developed algo-
rithm on the 3rd and 5th iteration Pythagoras trees (Fig. 10) yielded the
same fractal dimension value of 2.

To validate the obtained results, the developed algorithm was further
tested on a binary tree with a scaling factor of \/ 2 (Fig. 14); scales of 25

3
y=2x+0,6931 -
RE=1 2,5
e, 2
1,5 In(N)
1
0,5
0
0 0,2 0,4 0,6 038 i f 1,2
In(Mbr)

Fig. 13. Determining the fractal dimension of the Pythagoras tree based on the
scaling factor Mbr.
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%, 50 %, 75 %, and 100 % were selected. The Hausdorff dimension of
the studied binary tree is D = ln(2)/ln(\/ 2) = 2. The fractal dimension
calculated using the novel method is also 2.

Therefore, the developed algorithm of fractal analysis was used to
determine the fractal dimension of the Arbor vitae cerebelli. To
demonstrate the fractal analysis algorithm, we used the cerebellum
depicted in Fig. 9 as an example. This cerebellum had 8 primary
branches of white matter extending directly from the corpus medullare
and intersected by first contour. At the second stage, 13 s-order branches
of 2nd iteration were intersected by second contour. At the third stage,
25 branches of 3rd iteration were identified, forming 42 terminal
branches (surface folia) of 4th iteration intersected by the final contour
(Table 3).

To calculate the fractal dimension based on the values in Table 3, the
following analysis was performed; the Hausdorff dimension of the cer-
ebellum depicted in Fig. 9 was found to be 1.6241 (r* = 0.99) (Fig. 15).

The algorithm for the described “contour scaling” fractal analysis
method, is illustrated in Fig. 16.

3.5. Statistics

The statistical analysis was conducted using Microsoft Excel 2016.
Descriptive statistics for the morphometric parameters are presented as
the mean (M), standard error of the mean (SEM), standard deviation
(SD), coefficient of variation (CV), median (Me), the 25th and 75th
percentiles (Q1 and Q3, respectively), and minimum (min) and
maximum (max) values. For discrete characteristics (number of
branches), the count of objects (n) exhibiting specific characteristics was
calculated. To determine differences between parameter values for
males and females, and fractal dimensions determined by different
fractal analysis methods, the Mann-Whitney U test was employed. Bi-
nary categorical attributes (presence of 7 or 8 primary white matter
branches) in males and females were compared using the ¥? test. To
assess relationships between the obtained values, Spearman’s rank
correlation coefficient (Rg) was calculated, with significance evaluated
using the Student’s t-test. A statistical significance level of a = 0.05 was
chosen for the calculations.

4. Results
4.1. Calculation of cerebellar white matter branches

At the first stage of the analysis, the number of branches at each
iteration forming the arbor vitae cerebelli was determined (Table 4).

In the studied sample, 7 primary branches of white matter extending
from the corpus medullare were found in 62 % of cerebella (70 % in
males and 54 % in females), while 8 primary branches were observed in
38 % (30 % in males and 46 % in females) (Table 4). The presence of
eight primary branches was significantly more common in females
compared to males (P < 0.05).

The number of second-iteration branches ranged from 10 to 18. The
average number of these branches was significantly higher in males (P =
0.047). The number of third-iteration branches ranged from 19 to 28.
Although the average number of third-iteration branches was also
higher in males; however, this difference was not statistically significant
(P = 0.210). The number of terminal branches in the fourth iteration
ranged from 34 to 53 and was significantly higher in males compared to
females (P = 0.022). Thus, the absolute number of branches at the 2nd to
4th iterations was greater in males, while females more frequently had a
larger number of primary branches directly extending from the corpus
medullare.

To determine how the relative number of branches changes across
different iterations, the ratios of branches between successive iterations
were calculated: the ratio of the number of second-iteration branches to
the first, third-iteration branches to the second, and fourth-iteration
branches to the third (Table 5).
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y=2x+0,6931
R?=1

0 0,2 04 0,6 08 1 1,2

In(Mbr)

Fig. 14. Determining the fractal dimension of the binary tree (scaling factor 1/ \/ 2) based on the scaling factor Mbr; contours are scaled with a step of 5 % (compared
to a biggest, initial contour); the contours corresponding to a scales of 100 %, 75 %, 50 %, and 25 % are highlighted in orange, the corresponding steps were used in
the analysis; the obtained fractal dimension equals 2. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of

this article.)

Table 3
Data for determining the fractal dimension of cerebellar white matter.
Stage of fractal analysis (iteration) N In(N) Mbr = 1/L; In(Mbr)
1 8 2.079 1 0.000
2 13 2.565 V2 0.347
3 25 3.219 2 0.693
4 42 3.738 2¢/2 1.040
4
y=16241x+2,0558 o
R?=0,9969 B 35
3
2,5
o 5> In(N)
15
1
0,5
0
0 0,2 0,4 0,6 08 1 12

In(Mbr)

Fig. 15. Determining the fractal dimension (Hausdorff dimension) of the
cerebellar white matter. The fractal dimension is 1.6241.

The ratios of the number of branches between different iterations
were found to be quite similar. The highest ratio was observed between
the number of second-iteration and first-iteration branches, while the
lowest ratio was between the number of third-iteration and second-
iteration branches. When comparing these ratios between males and
females, it was found that the difference was statistically significant only
for the ratio between the number of second-iteration and first-iteration
branches (P = 0.01). The other two ratios did not show significant dif-
ferences between males and females (P > 0.05).

4.2. Fractal dimension of the cerebellar white matter

The fractal dimension values of the cerebellar white matter calcu-
lated using two fractal analysis methods (“box counting” and “contour
scaling”) were significantly different (P < 0.001) (Table 6, Table 7). The
determined fractal dimensions were significantly positively correlated,

but the correlation relationship was moderate (Rs = 0.495).

The computed fractal dimension values varied within a narrow
range, with the coefficient of variation not exceeding 6 %. However, a
comparison between cerebella with relatively low and relatively high
fractal dimension (Hausdorff dimension) values reveals that a cere-
bellum with a higher fractal dimension exhibits more extensive
branching of the white matter (Fig. 17). When comparing fractal
dimension values between males and females, it was found that males
had significantly higher values (P = 0.01).

4.3. Non-fractal morphometric parameters of cerebellum and their
relationships with fractal dimension

Descriptive statistics for additional (non-fractal) morphometric pa-
rameters of the cerebellum are provided in Table 8. The differences
between all parameter values for males and females presented in Table 8
were statistically significant (P < 0.001 for all parameters).

The values of fractal dimensions determined by both fractal analysis
methods were statistically significantly correlated with the absolute
sizes of the cerebellum: its weight, area, and perimeter of the vermis
cross-section (Table 9). The most significant correlation was observed
with the perimeter and area. Thus, it can be concluded that an increase
in the absolute size of the cerebellum leads to an increase in its fractal
dimensions. Conversely, derived morphometric indices indicating the
shape properties of the cerebellar vermis had a weak statistical rela-
tionship with fractal dimension values (Table 9). Notably, two fractal
dimensions determined by different fractal analysis methods, demon-
strated similar correlation relationships with non-fractal parameters.

4.4. Age-related changes of fractal dimension and non-fractal parameters
of cerebellum

The values of fractal dimension did not show significant correlations
with age in either males or females, whereas parameters characterizing
the absolute sizes of the cerebellum statistically significantly decreased
with age (Table 10).

5. Discussion

In this study, an analysis of the Arbor vitae cerebelli was performed
using a fractal approach to characterize its anatomy. The cerebellum and
its white matter can be considered fractal structures, exhibiting fractal
principles of organization - self-affinity, self-replication at various
scales, and numerous similar structural elements such as branches and
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Importing the studied image into
PowerPoint or graphics editor
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Tracing the outer cerebellar contour
(scale 100%)

Contour scaling
(scale 75%)

Contour scaling
(scale 50%)

Contour scaling
(scale 25%)
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Determining the intersected
branches of the 4th iteration (Na)

Determining the intersected
branches of the 3" iteration (N3)

Determining the intersected
branches of the 2" iteration (N2)

Determining the intersected
branches of the 1%t iteration (N1)

Calculation of the Fractal Dimension
based on N1-Na

Fig. 16. Flow chart illustrating and summarizing novel “contour scaling” fractal analysis method.

folia. The analysis showed that the Arbor vitae cerebelli has approxi-
mately four iterations of branches, which may display similar, though
not identical, branching patterns across different scales. The branching
of cerebellar white matter appears somewhat irregular compared to
artificial fractal trees. Therefore, the branching properties in the Arbor
vitae cerebelli are better described as self-affinity rather than self-
similarity.

The Arbor vitae cerebelli represents a natural fractal or quasi-fractal,
differing from mathematical fractals in that it lacks a precise mathe-
matical algorithm for its organization. The configuration of quasi-fractal
structures may resemble that of artificial fractals or be more irregular, so
different approaches may be applied for fractal analysis of such struc-
tures. Despite some irregularity, white matter of the cerebellum exhibits
structure quite close to that observed in artificial fractal trees, enabling
the determination of the Hausdorff dimension similar to how it is
defined for artificial fractals.

The most closely related methods to the developed approach are the
“cumulative intersection” method [29], the “convex hull” method [30],
and the Sholl method [31], all of which are typically used for quanti-
tative analysis of neuronal dendritic trees. Unlike existing fractal anal-
ysis methods — such as the “cumulative intersection” method and
“convex hull” method - the developed method is specifically adapted for
studying the cerebellum, taking into account its anatomical features and
fractal organization patterns. In the classic “cumulative intersection”
method, a series of circles are superimposed on the image, and the
number of branches (of the neuronal dendritic tree) intersected by these
circles is counted [29]. In contrast, the “convex hull” method, which is
also used for neuronal analysis, involves outlining the dendritic tree
with a smooth or broken contour that corresponds to the most peripheral
dendritic termini (building a convex hull around them). This contour is
then uniformly narrowed by a determined distance (number of pixels),
and the number of branches intersecting the contour is counted [30].
Our method differs from these approaches in that it employs scaling
rather than stepwise contour narrowing. Additionally, the contours are
aligned using a control point to better match the anatomical structure of
the cerebellum, whereas the “convex hull” method aligns contours
around a common center. By outlining the overall cerebellar
cross-section and fitting the scaled contours according to a control point,
the current approach enables the counting of branches from the same
iteration that are intersected by the same scaled contour. Consequently,
the “contour scaling” method accommodates the anatomical variability
of the cerebellum, which results in variations in the shape of its
cross-section. Furthermore, the “contour scaling” method differs from
both the “cumulative intersection” and “convex hull” methods in its
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calculation algorithm, which allows for the validation of results and the
accurate determination of the true Hausdorff dimensions of mathemat-
ical fractal trees, as validated through the study of the Pythagoras tree
and binary fractal tree.

The advantages of the proposed fractal analysis method include its
simplicity and independence from scale. The “self-scaling” of the con-
tour allows for more accurate calculations that are consistent with the
cerebellum’s structure and shape. Another benefit is that no specialized
software is required - fractal analysis can be performed using Power-
Point or graphic editors capable of creating and scaling contours.
Various types of images can be utilized, including anatomical macro-
photographs, magnetic resonance images, or histological sections.
Fractal analysis methods typically require adjustments based on image
size, resolution, and other characteristics. For instance, in the “box
counting” method, it is necessary to determine the range and values of
the Box size (in pixels or other measures). The “convex hull” method
involves narrowing the contour by a specified number of pixels.
Commonly used automated “box counting” method (such as ImageJ or
similar software) require image segmentation which is highly dependent
on the image type and quality. The method presented in this study,
however, only requires creating and scaling the cerebellar surface con-
tour as a vector image when using PowerPoint software. The contour can
be created and scaled using any image with sufficient clarity and visu-
alization of the Arbor vitae cerebelli (or other branching structures). The
studied image serves as a “background” while vector contours are scaled
and overlaid on the image.

Several previous studies have also employed fractal analysis to
investigate the cerebellum, primarily using magnetic resonance images
[32-36]. However, all these studies utilized a different fractal analysis
method - the “box counting” method — which is widely used in medical
and morphological research due to its simplicity and versatility, and is
thus rightly considered the “gold standard” of fractal analysis [27]. In
our previous work, conducted with cadaveric specimens, we also used
this method to study the cerebellar white matter [37]. What prompted
the search for an alternative fractal analysis method? First and foremost,
it was the routine and labor-intensive nature of the “box counting”
method when applied to anatomical samples. Studying grayscale images
(e.g., magnetic resonance images, computed tomography scans, angio-
grams, X-rays) with segmentation capabilities is simpler, as programs
are available that can automate the counting of “filled” boxes after
segmentation and binarization of images, such as the ImageJ software
[28]. However, segmenting macrophotographs of anatomical samples
(especially native, uncolored ones) is challenging, so the counting of
“filled” boxes is done manually, increasing laboriousness and
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complicating the use of this method in anatomy.
A Secondly, the nature of the methodologies differs: the “box counting”
< . . . . o pe
g 5 method determines a different type of fractal dimension, specifically the
Elom AT OmmNTONONNM NSO oS Minkowski dimension (box counting dimension) [19,20,24,37].
_ Although the Hausdorff and Minkowski dimensions are closely related
% n and may coincide for some geometric figures, they describe different
cE|l o rNoOomTNANOTNO O oMo T aspects of fractal geometry. The Minkowski dimension reflects the de-
gree to which a structure fills space, as it involves partitioning space into
° boxes. In contrast, the Hausdorff dimension characterizes the
}g %'{ ° complexity of the fractal based on the algorithm of its development. The
‘2 g N A VA — SV - “box counting” method is more versatile as it can analyze quasi-fractal
structures with too irregular configuration (or even non-fractal struc-
<o tures). On the other hand, the Hausdorff dimension is generally deter-
% o 3 mined for artificial fractals (or, as in this case, for structures with the
8 é § configuration closely resembling artificial fractal trees). To clarify the
28|38 289 330398522333 s relationship between the Minkowski and Hausdorff dimensions of the
Arbor vitae cerebelli and to compare their values with those reported by
2 other researchers, additional analysis was conducted on 30 cerebella
E o (the younger group) using the conventional “box counting” method for
PO I R B ] fractal analysis. The fractal dimension values of cerebellar white matter
" determined by the “box counting” method (1.486 + 0.013) were close to
3 2 those reported in a study that employed the same method for
T - E o mem oS oan g two-dimensional magnetic resonance images (1.49 + 0.06) [34]. How-
g ever, the fractal dimensions determined in the present study by the “box
é counting” and “contour scaling” methods (Minkowski and Hausdorff
E g3 dimensions) differed significantly. This difference can be explained as
% 8 é‘ oo o 3 follows: Minkowski and Hausdorff dimensions typically coincide when
g A R A o analyzing simple geometric figures, such as lines, squares, or cubes, but
‘*;:0 in the case of fractal structures, these dimensions may not align. For
£ § % ., instance, the present study showed that the “box counting” fractal
3 g 8 ..;:': analysis of the 3rd, 4th, and 5th iterations of the Pythagoras tree resulted
g s g Eloomamenono in fractal dimensions that differed from its Hausdorff dimension. This
"é elzsmaaadadaaaaaq = finding is consistent with previous studies on artificial fractals [24,38].
£ _ The Minkowski dimension determined by the “box counting” method is
§ LE influenced by characteristics such as branch and line thickness [38].
8 g o — s This can be an advantage when such characteristics are relevant to the
R SE | NMmO =~ — . . . s
S study, but it can also be a disadvantage when it is necessary to mitigate
s = the impact of these characteristics. Despite the differences in values, the
é Lé o o two fractal dimensions were positively significantly correlated and
g fEoloen®-~0oao — exhibited similar relationships with non-fractal morphometric parame-
) . . . .
& ters. This suggests that both fractal dimensions are influenced by several
ks o~ shared factors, though they characterize different aspects of the fractal
% % é @ configuration.
g 28| e 2882% 0 m~ a In our previous study, the Minkowski dimension of the cerebellar
5 white matter was found to have a strong negative correlation with age
T8l [37]. It was hypothesized that the Minkowski dimension (and its
@ E ; ] decrease with age) was most influenced by the thickness of the white
g1 gl2% branches and the age-related decrease in branch thickness.
o|z|E% matter branc ge-rel: . n bre .
S|&lzE|SR8E8322R2 s Conversely, the Hausdorff dimension determined in this study did not
E show statistically significant correlations with age. This dimension is
_?:: A determined solely by the degree of branching of the white matter,
g £ without considering age-related changes and branch thickness. There-
5 =2|RQ X fore, this type of fractal dimension may be particularly informative for
o > yp y be p: y
% _ biological and anthropological studies, the study of cerebellar devel-
E % opment in its phylogenesis and ontogenesis, as well as for identifying
= ~E|8Bw N developmental disorders — such as diagnosing malformations and
2z differentiating malformations from atrophic changes in the cerebellum
° o (where a decrease in Minkowski dimension might be expected with at-
é 3;: %: rophy, while the Hausdorff dimension would remain unchanged;
2 \E g N N conversely, cerebellar maldevelopment would likely show a decrease
2z specifically in the Hausdorff dimension).
% The fractal dimensions showed significant correlations with the ab-
_5 § “E % solute sizes of the cerebellar vermis (cross-sectional perimeter and area).
: E g _é’ -é Therefore, it can be inferred that the increase in the absolute size of the
= E ER 1IN = cerebellum (in both phylogenesis and ontogenesis) leads to a more
& A complex spatial configuration, manifested by an increase in the
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Table 5
Statistical parameters of the ratios of the number of white matter branches in the cerebellum belonging to different iterations (n = 100).
Ratio of number of branches Sex group M m c CV, % min Q1 Me Q3 max
2nd to 1st iteration Entire sample 1.88 0.02 0.24 12.82 1.25 1.71 1.88 2.00 2.57
Males 1.94 0.03 0.20 10.25 1.63 1.75 2.00 2.00 2.43
Females 1.82 0.04 0.27 14.63 1.25 1.63 1.86 2.00 2.57
3rd to 2nd iteration Entire sample 1.76 0.02 0.20 11.53 1.35 1.64 1.76 1.86 2.40
Males 1.74 0.03 0.19 11.04 1.35 1.60 1.74 1.86 217
Females 1.79 0.03 0.21 11.91 1.35 1.65 1.79 1.92 2.40
4th to 3rd iteration Entire sample 1.82 0.02 0.20 11.29 1.36 1.68 1.80 1.95 2.48
Males 1.84 0.03 0.22 11.81 1.36 1.69 1.82 1.99 2.48
Females 1.79 0.03 0.19 10.68 1.39 1.67 1.78 1.92 2.30
Table 6
Descriptive statistics for fractal dimension values of cerebellar white matter determined by “box counting” method (n = 30).
Sex group M SEM SD CV, % min Q1 Me Q3 max
Entire sample 1.486 0.013 0.070 4.715 1.345 1.434 1.487 1.542 1.629
Table 7
Descriptive statistics for fractal dimension values of cerebellar white matter determined by novel “contour scaling” method (n = 100).
Sex group M SEM SD CV, % min Q1 Me Q3 max
Entire sample 1.697 0.010 0.099 5.838 1.478 1.630 1.702 1.775 1.913
Males 1.721 0.013 0.094 5.459 1.478 1.668 1.730 1.784 1.890
Females 1.674 0.014 0.099 5.940 1.502 1.600 1.651 1.748 1.913

Fig. 17. Cerebellum with relatively low (A, fractal dimension = 1.579) and relatively high (B, fractal dimension = 1.851) values of fractal dimension determined by
novel “contour scaling” method.

Table 8
Descriptive statistics for non-fractal morphometric parameters of the cerebellum (n = 100).
Parameter Sex group M SEM SD CV, % min Q1 Me Q3 max
Weight of the cerebellum, g Entire sample 143.51 1.69 16.80 11.71 103 130 146 153.5 181
Males 151.84 2.03 14.22 9.36 119 144 152 162 181
Females 135.34 2.14 15.13 11.18 103 123.25 137 147 165
Cross-sectional area of the vermis, cm? Entire sample 10.50 0.12 1.16 11.05 7.66 9.68 10.39 11.14 13.44
Males 10.92 0.17 1.19 10.89 8.92 10.07 10.77 11.85 13.44
Females 10.08 0.14 0.97 9.67 7.66 9.40 10.13 10.61 12.73
Perimeter of the vermis cross section, cm Entire sample 14.00 0.08 0.84 6.03 11.94 13.41 14.05 14.54 15.67
Males 14.21 0.12 0.82 5.77 12.46 13.66 14.22 14.72 15.54
Females 13.80 0.12 0.83 6.00 11.94 13.19 13.80 14.37 15.67
Perimeter-to-area ratio Entire sample 1.34 0.01 0.09 6.36 1.14 1.29 1.35 1.40 1.56
Males 1.31 0.01 0.09 6.66 1.14 1.23 1.32 1.37 1.48
Females 1.37 0.01 0.07 5.11 1.23 1.34 1.38 1.41 1.56
Shape factor (circularity) Entire sample 0.67 0.004 0.04 6.07 0.58 0.64 0.67 0.70 0.84
Males 0.68 0.01 0.04 6.57 0.60 0.64 0.68 0.71 0.84
Females 0.67 0.01 0.04 5.35 0.58 0.64 0.67 0.69 0.75

12



N. Maryenko and O. Stepanenko

Table 9
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Correlations between fractal dimension and non-fractal morphometric parameters of the cerebellum.

Parameter Fractal dimension Fractal dimension Weight of the Cross-sectional Perimeter of the Perimeter-to- Shape factor
(“contour scaling” (“box counting” cerebellum area of the vermis vermis cross area ratio (circularity)
method) method) section

Fractal dimension - 0.495* 0.299* 0.434* 0.521* —0.268* —0.241*

(“contour scaling”
method)
Fractal dimension 0.495* - 0.485* 0.413* 0.434* —0.387* 0.042
(“box counting”
method)

Weight of the 0.299* 0.485* - 0.539* 0.529* —0.437* —0.063

cerebellum

Cross-sectional area of 0.434* 0.413* 0.539* - 0.863* —0.888* 0.085

the vermis

Perimeter of the vermis 0.521* 0.434* 0.529* 0.863* - —0.545* —0.426*

cross section

Perimeter-to-area ratio —0.268* —0.387* —0.437* —0.888* —0.545* - —0.521*

Shape factor —0.241* 0.042 —0.063 0.085 —0.426* —0.521* -

(circularity)
*~p < 0.05.
Table 10 neurons, and other quasi-fractal structures in the human and animal
able

Correlations between fractal dimension, non-fractal morphometric parameters
of the cerebellum and age.

Parameter Entire Males Females
sample
Fractal dimension (“contour scaling” —0.182 —-0.115 —0.087
method)

Weight of the cerebellum —0.479* -0.356*  —0.370*
Cross-sectional area of the vermis —0.352* —0.250 —0.245
Perimeter of the vermis cross section —0.349* —0.251 —0.324*
Perimeter-to-area ratio 0.259* 0.170 0.079
Shape factor (circularity) 0.065 0.049 0.278*

*~p < 0.05.

branching degree of the white matter. As the cross-sectional area in-
creases, the structural elements of the cerebellum (its folia, white matter
branches) do not “scale up”; instead, their number increases.

This pattern accounts for the differences in fractal dimensions be-
tween males and females: males have statistically larger absolute cere-
bellar sizes, which leads to a higher degree of white matter branching
compared to females. An interesting feature is that females more often
exhibit a greater number of primary branches, but these branches
further branch less compared to males. In previous studies that included
fractal analysis of cerebellar white matter, no differences in fractal di-
mensions between males and females were identified [32,33]. This
difference can be explained as follows. The aforementioned studies used
modifications of the “box counting” method, which determines the
Minkowski dimension, while the present study calculated the Hausdorff
dimension. The Hausdorff dimension primarily depends on the number
of branches across different iterations and is not influenced by branch
thickness. Although the Minkowski dimension is also affected by the
degree of white matter branching, this is not the sole factor influencing
this fractal dimension. Branch thickness and the uniformity of space
filling by the white matter are also important factors. Therefore, even
with different degrees of white matter branching (i.e., different numbers
of branches and Hausdorff dimension values), the white matter in male
and female cerebella may exhibit similar levels of space filling. The male
cerebellum has a larger cross-sectional area, which suggests an increase
in the number of white matter branches and a higher Hausdorff
dimension. However, as the number of branches increases and fills the
available space (which also increases), the Minkowski dimension may
remain unchanged.

The developed method of fractal analysis can be adapted for the
study of other similar dendritic fractal structures, such as vascular net-
works, bronchial trees, ductal systems of glands, dendritic trees of
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bodies that have a tree-like fractal pattern of development. In our view,
the most suitable objects for the “contour scaling” method are canopy-
like (umbrella-like) fractal trees (including natural fractals that
resemble them), which have terminal iteration branches that reach a
surface (or form a boundary). This feature enables the creation of con-
tours that follow the terminations of these branches and allows for
effective contour scaling.

To adapt the developed “contour scaling” method for studying other
fractal structures, it is first necessary to determine how to define the
contour that outlines the structure. This contour may pass through the
terminals of the branches from the final iteration (touching them),
follow the surface of the studied structure, or correspond to the
boundaries of a specific area within which the fractal tree branches (area
of blood supply, lobule of the gland, leaf of plant, etc.). Next, it is
important to establish a control point to organize the series of scaled
contours. This point can be the branching origin of a given structure. The
following step involves determining the number of iterations of the
fractal tree. This can be done by scaling the contour in small increments
(5 %, as in the present study, or another interval may be used). By
plotting the natural logarithm of the number of intersected branches (In
(N)) against the natural logarithm of the contour scaling factor (In
(Msc)), the number of “steps” on the resulting graph can be identified,
corresponding to the branches of different iterations. This allows the
determination of the number of iterations and the contour scales that
best match the branches of a specific iteration. Afterward, the number of
stages of fractal analysis corresponding to the defined iterations of the
fractal tree’s branching should be used.

In the case of studying multifractals, such a graph may appear
irregular. Therefore, the intervals between iterations may differ from
those in monofractals. To develop a methodology for studying multi-
fractals, two approaches can be used: one can determine the number of
iterations and the corresponding scales (which are likely to have irreg-
ular intervals) and conduct the analysis as for monofractals, calculating
a single fractal dimension value, or identify several ranges with mono-
fractal behavior and calculate the fractal dimension for each range
separately, as in the study of monofractals. In the case of studying
vascular networks, it is possible to conduct a fractal analysis of indi-
vidual branches of the vessel and determine the fractal dimension for
each one separately.

The developed fractal analysis method may have some important
clinical implications. The novel “contour scaling” method could be
applied in clinical practice for diagnostic purposes, specifically for
diagnosing cerebellar malformations and differentiating them from ac-
quired atrophic changes in the cerebellum. Combining the “contour
scaling” method with the “box counting” method will enhance
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diagnostic accuracy and identify anomalies in cerebellar anatomy that
are difficult to quantify using conventional morphometric methods
derived from Euclidean geometry. The ability to adapt the developed
method for studying other fractal trees will enable its application in
research involving angiograms, contrast X-rays of gland ducts, bronchial
trees, and other similar structures.

5.1. Limitations of the study

The main limitations of using the developed “contour scaling”
method are as follows. First, the type of structure being studied is crucial
— this fractal analysis method can only be used for structures with a tree-
like pattern of organization. The tree-like structures examined must
have clearly defined terminal branches or regional boundaries that
allow for the creation of a contour for scaling. If the tree-like structure
has an overly irregular configuration, it may complicate the fractal
analysis, particularly in determining the number of iterations (in fractal
trees closer to artificial fractals, the number of iterations is more likely to
be easily determined, while irregular branching complicates this anal-
ysis) and the corresponding contour scales for further fractal analysis.
Since branch identification is done manually, there is a potential for
errors in counting. Therefore, further development of image analysis
software with automated counting capabilities will help improve the
accuracy of the obtained results. In the context of conducting fractal
analysis of the cerebellum, a limitation may be insufficient image quality
(e.g., magnetic resonance brain images obtained with a low magnetic
field scanner), which may complicate clear identification of intersected
branches.

6. Conclusion

The Arbor vitae cerebelli can be considered a natural fractal tree.
Based on the fractal approach to the anatomy of the cerebellar white
matter, a novel “contour scaling” method of fractal analysis was devel-
oped. This method is adapted to the anatomical features of the cere-
bellum and allows for the determination of its fractal (Hausdorff)
dimension. The Hausdorff dimension of the cerebellar Arbor vitae, as
determined by this method, does not change with age but increases with
the absolute size of the cerebellum, indicating an increase in its struc-
tural complexity. The novel “contour scaling” method of fractal analysis
can be adapted for the quantitative assessment of other anatomical
structures that have a tree-like branching pattern of organization.
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